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We have shown how to express a tensor permutation matrix p® n as a linear 
combination of the tensor products of p x p-Gell-Mann matrices. We have 
given the expression of a tensor permutation matrix 2 ® 2 ® 2 as a linear 
combination of the tensor products of the Pauli matrices. 

Introduction 

The expression of the tensor commutation matrix 2 (g) 2 as a linear com- 
bination of the tensor products of the Pauli matrices 



with I 2 the 2x2 unit matrix, [2] are frequently found in quantum theory. 
We had expressed the tensor commutation matrix p <g> p as a linear combi- 
nation of the tensor products of the p x p-Gell-Mann matrices jS]. In this 
paper, we show how to express a tensor permutation matrix p® n as a linear 
combination of the p x p-Gell-Mann matrices, with for p = 2 the expression 
is in terms of the Pauli matrices. 

1 Tensor product of matrices 

Definition 1.1. Consider A = (A)) e M mxn (C), B = (Bj) G M pxr (C). 
The matrix defined by 
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1 



( A \ B 



A®B 



A)B 



AlB \ 



A\B ... A)B ... A\B 



\ A™B . . . AfB . . . A™B ) 
is called the tensor product of the matrix A by the matrix B 

A® Be M mpxnr (C) 

a®b = (egg) = (.\' n irr) 

(cf. for example [2] ) where, 
iii 2 are row indices 
jij 2 are column indices. 



Proposition 1.1. (B 1 ■ A x ) ® (B 2 ■ A 2 ) = (B 1 ® B 2 ) ■ (A ± ® A 2 ) for any ma- 
trices B\, Ai, B 2 , A 2 if the habitual matricial products Bi ■ A\ and B 2 ■ A 2 
are defined. 

Proposition 1.2. Tensor product of matrices is associative. 

Proposition 1.3. Tensor product of matrices is distributive with respect to 
the addition of matrices. 

Proposition 1.4. I n ® I m = I nm 

Theorem 1.5. Consider (A)i<*< nXm « basis of M nxrn (C), (5 j ) 1 < j < pxr a 
basis of M pxr (C). Then, (Ai <g> £j)i<i<„xm,i<j<pxr is a basis of M npxm r(C). 



2 Tensor permutation matrices 

Definition 2.1. For p, q G N, p > 2, q > 2, we call tensor commutation 
matrix p ® q the permutation matrix U p ® q G M. pqxpq (C) formed by and 1, 
verifying the property 

U mq .(a®b) — 6(g) a 
for all a G M pxl (C), b G M qx i (C). 

More generally, for k G N, k > 2 and for a permutation on {1, 2, . . . , k}, we 
call a"-tensor permutation matrix n\ ® n 2 ® • • • ® the permutation matrix 
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^rn®n 3 ®...®n*(< r ) G Kni J ...« i xr.ir.2...n i (C) formed by and 1, verifying the 
property 

U ni tg )n2 ®...®n k (o-) ■ (ai <S> a 2 <g . . . <g a k ) = a aW (g a CT(2 ) <g . . . <g a CT(fc) 
for all ai eM THXl (C), (zG{l,2,...,fc}). 

Definition 2.2. For fc G N, fc > 2 and for a permutation on {1, 2, ... , k}, we 
call cr-tensor transposition matrix n\ (g n<2 <g • • • <8> a cr-tensor permutation 
matrix ni <g> ^2 ® • • • ® ^fc with a is a transposition. 



Consider the cr-tensor transposition matrix ri\®n2®. . .®n k , ^n 1 ®n 2 ®...®n fe | 
with o the transposition (i j). 



0" 



^ni®n 2 ®...®nj 1 (0') ' (°1 ® • • • ® °i ® a i+l 

= ai ® . . . ® ai_i <g dj (g a» + i < 



. . (g Oj (g aj + i <g . . . <8> a k ) 
. (g Oj_i <g ^ <g> aj+i g) . . . ® a k 

for any a/ G -M n;X i (C). 

If Wkuku^ ( B h)i<i-<nn are respectively bases of M njXni (C) andJW reiXn . (C), 
then the tensor commutation matrix U ni ^ n . can be decomposed as a linear 
combination of the basis (B u ® ^■) 1 <^< n . re . )1 < z .< re . n . of -M W n^ (C). We 
want to prove that U ni ^ n2 ^_^, nk (a) is a linear combination of 



(ln 1 n 2 ...n i -i ® A* ® Im + in i+3 ...n j -i ® ® 4 j+1 n J+2 ...nJ re nijl <; < n . r 



Theorem 2.1. Suppose a 



^ \ = ^ 1 3 j permutation on 



For doing so, it suffices us to prove the following theorem. 

12 3 
3 2 
{1,2,3},^) 

i<i 3 <iViiV3 ^ ases respectively of A4n 3 xN! (C) anc? 
AVxiv 3 (C). // U Nl ® N3 = a hl3 B h ®B iz , a hl:i G C, tfaen 

»1=1 *3=1 

V1V3 ATlAT 3 

U Ni ®n 2 ®n 3 (^) = J] ^ ot 113 B ix (g) (g B^. 
*i=l 13=1 



Proof. Let 61 



V tf 1 / 



G M NlXl (C), 63 



V ^ 3 / 



G Xat 3 x1 (C). 
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At first let us develop the relation 



U Ni ®n 3 ■ (h <S> 63) = h ® h 
Using the Proposition ll.il 

N lN3 N lN3 f a^B tl )Pi(B ts .b 3 ) \ / \ 
EE = i 



»i=l 13=1 



(2.1) 



where is the /-th row and fc-th column of the matrix B^. 
In the other hand, in using the Proposition ll.il 

N1N3 N1N3 



E oL^Bi^in 



B h ■ (61 ®b 2 ®b 3 



»1=1 »3=1 



jViAr 3 JViiV 3 

^ ^ « lll3 (^ n -bl)®6 2 ® (^3-63 
*1 = 1 «3=1 



a^B^PiPl (B lz ■ b 



N1N3 N-tN 3 

EE 

ii=l 13=1 



a^B^diPl (B ts ■ b 3 



a^B^m (B l:i ■ b 3 ) 



\ a^B^P^ (B t3 ■ b 3 ) J 



i 



b 3 ® b 2 ® hi 



( PlPfa \ 



The matrices (B is ■ b 3 ) are elements of .MjVixi (C). Hence, employing (j2.1j) 
we have that if 

N1N3 7ViAf 3 
ii=l *3=1 



then 



N1N3 N1N3 

U Nl ® N2 ® N3 (a) = ^ ^2 a * 1%3B h ® ^2 ® ^a- 

»1=1 13=1 



□ 



3 Decomposition of a tensor permutation ma- 
trix 

Notation 3.1. Let a £ that is a a permutation on {1, 2, . . ., n}, p £ N, 

p > 2, we denote the tensor permutation matrix <g> p <g> . . . <g> p (°0 by 



n — times 



U p ®n (cx),|lj. 

We use the following lemma for demonstrating the theorem below [S]. 

Lemma 3.2. Every permutation o £ S* n can fre "written as a product of 
transpositions. (The factorization into a product of transpositions may not 
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be unique) 

C a = {h kk ■■■ k-1 k) = {k k) (k k) ■ ■ • («n-l k) 

Lemma 3.3. Let a G S n , whose cycle is 

C a = (h kk ■ ■ ■ in-i in) 

then, 

C a = (h kk ■ ■ ■ i n -i) (in-i k) 
Theorem 3.4. For n G N*, n > 1, a G S n whose cycle is 

C a = (ii kk ■■■ ik-i k) 

with k G N*, k > 2. Then 

U p e>n (a) = U p ®n ((«! k ■■■ ik-i)) ■ U p ®n ((ik-i ik)) 

or 

U p >$ n (a) = U p ®n ((ii i 2 )) ■ U p ®n ((i 2 k)) • U p ®n ((i fc -i 4)) 
p G N*, p > 2. 

So, a tensor permutation matrix can be expressed as a product of tensor 
transposition matrices. 

Corollary 3.5. For n G N*, n > 2, a G S n whose cycle is 

C a = (h iik ■■■ k-i n) 

Then, 

Up®n (cr) = [U p ®( n -1) ((Zl % 2 ... k-l)) <8> ip] ■ U p ® n ((z„_l 7l)) 

4 n x n-Gell-Mann matrices 

The nxn-Gell-Mann matrices are hermitian, traceless matrices Ai,A2,. . .,A R a_i 
satisfying the commutation relations [0], [Z| 

[A a , Aft] = 2z/ afec A c (4.1) 
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where f abc are the structure constants which are reals and totally antisym- 
metric, and 

Tr {A a ,A b ) = 25 ab 
where 5 a b the Kronecker symbol. 

For n = 2, the 2 x 2-Gell-Mann matrices are the usual Pauli matrices, while 
for n — 3, they correspond to the eight 3 x 3-Gell-Mann matrices which 
are constructed by the following way : the three first are the 3x3 matrices 
obtained in adding to the three Pauli matrices third row and third column 
formed by 0, namely 





( ° 


1 






( ° 


-i 0\ 




/ 1 


\ 


Ai = 


1 








, A 2 = 


i 





, A 3 = 





-1 















) 






0/ 



The next 3x3 matrices are obtained in adding to the two non-diagonal Pauli 
matrices second column and second row formed by 0, namely 





( ° 





1 ^ 




( 





-z \ 


A 4 = 











) A5 = 













I 1 









V i 





/ 



The next 3x3 matrices are obtained in adding to the two non-diagonal Pauli 
matrices first column and first row formed by 0, namely 





( ° 









( ° 





\ 


A 6 = 








1 


, A 7 = 








—i 




1° 


1 








i 


/ 



And finally, the last one is a diagonal matrix which is a hermitian, traceless 
matrix with 



namely 



/ 1 
1 



\ 





Tr (A 8 2 ) 



\ -2 J 

We can construct with the analogous way from the (n—1) x (n— 1)-Gell-Mann 
matrices the n x n-Gell-Mann matrices. In doing so, the first (n — l) 2 — 1 
n x n-Gell-Mann matrices are obtained in adding to each (n — 1) x (n — 1)- 
Gell-Mann matrices n-th column and n-th row formed by 0. The (2n — 2) 



7 



n x 72,-Gell-Mann matrices are the following non-diagonal symmetric matrices 
and the following non-diagonal antisymmetric matrices matrices 

/ 1 \ / -i\ 



A 



(n-l) 2 



A 



(n-l) 2 +2 









\i o . 

/ 




1 

\ 







) A(„_l)2 + 1 





0/ 
. \ 

1 




.00/ 



, A( n _ 1 )2 +3 









\ % . 
/ 




i 

\ 











... / 
. ... \ 





... / 



A 



n 2 -3 



/ 
: 













1 

1 



/ 
: 



) A n 2_ 2 



/ 



V 



o 









-i 

1 



and finally, the last one is the diagonal matrix which is a hermitian, traceless 
matrix with 

Tr (A n 2„! 2 ) = 2 

namely 

( \ \ 

1 



/ 



A 



n l -\ 



'CI 



1 







[n-l) J 



S 



They satisfy also the anticommutation relation [7] 



n 2 -l 

{A a , A 6 } = -S ab I n + 2 V d a6c A c (4.2) 
n 

c=l 

where 7 n denotes the n-dimensional unit matrix and the constants d a b c are 
reals and totally symmetric in the three indices, and by using the relations 
flUH) and IfO} . we have 

2 n 2 -l n 2 -l 



A a A b = -<U + ^ d aftc A c + z ^ / afec A c (4.3) 

71 c=l c=l 

The structure constants satisfy the relation [B] 

n 2 — 1 2 n 2 — 1 n 2 — 1 

fabefcde = _ (^a(A(2 — $adhc) + d ace ddbe ~ ^ade^fcce (4.4) 

e=l e=l e=l 

5 Examples 

Now, we have some theorems and relations on the generalized Gell-Mann 
matrices which we need for expressing a tensor permutation matrix in terms 
of the generalized Gell-Mann matrices. In this section, we treat some exam- 
ples. 



5.1 U n ®3((j) 

1) a = (1 2 3) 
By employing the Lemma f3. 31 



a = (1 2)(2 3) 

and by using the Theorem 13.41 

U n »* ((1 2 3)) = U n9 s ((1 2)) ■ U n m ((2 3)) (5.r 

However, jS] 

n 2 — 1 

1 1 % -T 

EWi = -In <3 I n + ~ ® K 

n 2 

a=l 



Then, 

1 1 ™ 2_1 

U n m ((1 2)) = -I n <g> I n <g> I n + - V A a ® A a ® I„ 



a=l 

and 

1 1 " 2_1 

C/ n ® 3 ((2 3)) = -4 ® 4 ® 4 + o X! J « ® A a <g> A a 
n 2 

a=l 

So, by using (|5.1jl we have 



4 n ®3 ((1 2 3)) = —I n <g> J„ (8) 4 + — ^ I n <g> A a <g> A a 

a=l 

^ ro 2 — 1 ^ n 2 — In 2 — 1 

+ — A a ® A a ® 4 + - ^ A a ® A a Aft <g> A 6 

a=l a=l 6=1 

Hence, employing the relation ()4.3)1 

n 2 -l 

1 1 " ^ 

4 n ®3 ((1 2 3)) = —I n ® I n ® I n + —yi n ® K® K 

n z In z — ' 

o=l 

^ n 2 — 1 j n 2 — 1 

+ — ^ A a ® A a ® I n + — A a ® 4 ® Aa 

a=l a=l 
. n 2 -ln 2 -ln 2 -l n 2 -l n 2 -l n 2 -l 

~ I £ ^ 6cAa ® Ab ® Ac+ 45Z5Z5Z dabcAa ® A 6 ® A c (5.2) 

a=l 6=1 c=l a=l 6=1 c=l 

2) a = (1 3 2) 

By employing the Lemma 13. 3| 

a = (1 3)(3 2) 
and by using the Theorem 12. 1\ we have 

1 1 ™ 2 " 1 

4 n ® 3 ((1 3)) = -4 ® 4 ® 4 + - V A a ® 4 <g) A a 
n 2 ^-^ 

a=l 
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and by using the same method 

1 1 n2_1 

U n ®3 ((1 3 2)) = —/ n <g> I n ® J n + — ^ In ® A <* ® A « 
n n o=l 

^ n 2 -l . n 2 -l 

+ 2^ Z Aa ® A(I ® J " + 2^ Z Aa ® J « ® Aa 

a=l a=l 
. n 2 -ln 2 -ln 2 -l ^ n 2 -ln 2 -ln 2 -l 

a=l 6=1 c=l a=l 6=1 c=l 

The difference between U n m ((1 2 3)) and C/ n ®3 ((1 3 2)) is the minus sign 
before the fifth term. 



5.2 U n ®*((T), (7= (1 2 3 4) 
By employing the Lemma f3. 31 



a = (1 2 3)(3 4) 



11 



and by using the formula (|5.2j) . Theorem 13.41 and the proposition 11.11 , we 
have 

j . n 2 -l ^ n 2 -l 

= ^4 ® 4 ® 4 ® 4 + X) /n ® Afl ® Aa ® /re + Y 1 Z) Aa ® Aa ® /n ® /n 

a=l a=l 
^ n 2 -l n 2 -l 

+ 2^2 Z Aa ® J ™ ® Aa Jn + 2^ Z J ™ ® 4 ® A a <g) A a 

a=l a=l 
^ n 2 — In 2 — 1 ^ n 2 — In 2 — 1 

+ ^EE A «® A "® Aj8Aj+ ^£E /n ® A «® AaAfe ® Afe 

a=l 6=1 a=l 6=1 

n 2 -ln 2 -l 

+ 4^ Z Z Aa ® J ™ ® AaAfe ® Afe 

a=l 6=1 
. n 2 -ln 2 -ln 2 -l 

~ J" Z Z Z ^ a6cAa ® A fe ® A c ® 4 

a=l 6=1 c=l 
. n 2 — 1 n 2 — 1 n 2 — 1 n 2 — 1 

~ I Z E Z E f abcAa ® A 6 ® k cK ® Ae 
a=l 6=1 c=l e=l 
^ n 2 — In 2 — In 2 — 1 

+ dabcAa ® a 6 ® a c ® / n 

a=l 6=1 c=l 
^ n 2 — 1 n 2 — 1 n 2 — 1 n 2 — 1 

+ «EEEE dabcAa ® Ab ® AcAe ® Ae 



a=l 6=1 c=l e=l 
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By using the relation (|4.3jl and the relation (|4.4|) . we have 

j ^n 2 — 1 ^ n 2 — 1 

f/ n ®4(cr) = —4 4 ® 4 ® 4 + 4 ® A a A a 4 + ^ A a A ffl 4 4 

a=l a=l 
^ n 2 — 1 ^ n 2 — 1 

+ ^ ^ Aq / n Aq /„ + — ^ J„ /„ Aq Aq 

a=l a=l 
^ n 2 -l n 2 -l 

+ In® K® h® K + K® h® K 

a=l a=l 
^ n 2 — In 2 — 1 ^ n 2 — In 2 — 1 

o=l 6=1 o=l 6=1 

n 2 -ln 2 -l 

- — ^ Aq Afe Aq Afo 

a=l 6=1 

^ n 2 — In 2 — In 2 — 1 . n 2 — 1 n 2 — 1 n 2 — 1 

+ dafecJ « ® Aa ® Ab ® Ac ~ Y Y Y f abcIn ® Aq a a c 

a=l 6=1 c=l a=l 6=1 c=l 

^ n 2 — In 2 — In 2 — 1 . n 2 — In 2 — In 2 — 1 

+ °^ cAa ® J ™ ® Ab ® Ac ~ 7~ £ £ Y f abcAa ®In®^b®K 

a=l 6=1 c=l a=l 6=1 c=l 

^ n 2 — 1 n 2 — 1 n 2 — 1 . n 2 — 1 n 2 — 1 n 2 — 1 

+ da6cAa ® Ab(g>Ac(g>In -i^YYY f abcAa ® A 6 ® a c 4 

a=l 6=1 c=l a=l 6=1 c=l 

^ n 2 — In 2 — In 2 — 1 . n 2 — 1 n 2 — 1 n 2 — 1 

+ da6cAa ® Afc ® /n ® Ac ~ ^ Y Y Y f abcAa ® a 6 4 ® a c 

a=l 6=1 c=l a=l 6=1 c=l 

->2_i „2_i „2_i „2_i _2_ 



^ n 2 -l n 2 -l n 2 -l n 2 -l n 2 -l 
"I - 77 ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ( ifabcdceg ^abcf ceg ^aecdbgc ^a</c<^c6e d a b c d ce g 



a=l 6=1 c=l e=l </=l 

Aq Afc Aq A P 



5.3 U2®3(a), a E S3 



Now we give the formulae giving [7 2 ® 3 (c") 5 naturally in terms of the Pauli 
matrices 

' 1 \ / -% \ ( 1 

1 K 2= i r 3= -1 
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Using the relation jH] 

3 

&i&k = Sikh + i ^2 £lkmCT 



m 

m=l 



where is totally antisymmetric in the three indices, which is equal 1 if 
(i j k) = (1 2 3), we have 



1 1 x 3 -v 1 x 3 -v 

U 2 ® 3 (1 2 3) = -J 2 ® I 2 <g> I 2 + - J2 ® CTi ® a/ + I 07 ® /2 ® CT 



4 4^ * * 4 

z=i i=i 

^3 ^333 

1 = 1 8=1 j = l fc=l 

and 

1 1 x 3 > 1 x 3 > 

U 2 m{l 3 2) = -I 2 ® I 2 ® I 2 + - ® 0j ® <7j + ^ ® J 2 ® a ' 

i=i i=i 

^3 ^333 

+ -^cri®ai(g)/ 2 + -^^^ e iifc ai ® o-j <g> a fc 

Z=l i=l j'=l k=l 

Conclusion 

Based on the fact that a tensor permutation matrix is a product of tensor 
transposition matrices and on the Theorem 12. 1\ with the help of the expres- 
sion of a tensor commutation matrix in terms of the generalized Gell-Mann 
matrices, we can express a tensor permutation matrix as linear combination 
of the tensor products of the generalized Gell-Mann matrices. 

We have no intention for searching a general formula. However, we have 
shown that any tensor permutation matrix can be expressed in terms of the 
generalized Gell-Mann matrices and then the expression can be simplified by 
using the relations between these Matrices. 
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